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We introduce a family of new integrable quantum field theories in four dimensions by considering
the γ-deformed N = 4 SYM in the double scaling limit of large imaginary twists and small coupling.
This limit discards the gauge fields and retains only certain Yukawa and scalar interactions with
three arbitrary effective couplings. In the ’t Hooft limit, these 4D theories are integrable, and
contain a wealth of conformal correlators such that the whole arsenal of AdS/CFT integrability
remains applicable. As a special case of these models, we obtain a QFT of two complex scalars
with a chiral, quartic interaction. The BMN vacuum anomalous dimension is dominated in each
loop order by a single “wheel” graph, whose bulk represents an integrable “fishnet” graph. This
explicitly demonstrates the all-loop integrability of gamma-deformed planar N=4 SYM, at least in
our limit. Using this feature and integrability results we provided an explicit conjecture for the
periods of double-wheel graphs with an arbitrary number of spokes in terms of multiple zeta values
(MZV) of limited depth.
INTRODUCTION
N = 4 SYM theory is an integrable CFT in the large
Nc limit [1], with an exactly and efficiently calculable
spectrum of anomalous dimensions via the quantum spec-
tral curve (QSC) formalism [2, 3]. It seemed plausible
that the gauge symmetry, and a large amount of super-
symmetry are necessary for its integrability. However,
the twisted versions of N = 4 SYM [4–6] loose the su-
persymmetry partially, or even entirely, but remain inte-
grable, with the twisted QSC equations [7, 8].
This opens a window of opportunities for constructing
new non-supersymmetric QFTs, potentially more inter-
esting for physical applications. In this paper, we pro-
pose a special double-scaling (DS) limit of the so-called
γ-deformed twisted N = 4 SYM which breaks the SU(4)
R-symmetry down to U(1)3 subgroup, combining large
imaginary twists γj → i∞ [9] and the weak coupling
limit g2 ≡ Ncg2YM → 0, with three effective DS couplings
ξ2j = g
2e−iγj kept fixed. In this DS limit, the gauge
fields decouple and the theory reduces to a QFT of three
complex scalars and fermions interacting through quartic
and “chiral” Yukawa couplings. If only one coupling is
turned on, the fermions and one scalar decouple and we
have the following bi-scalar action:
Lφ = Nc
2
Tr
(
∂µφ†1∂µφ1 + ∂
µφ†2∂µφ2 + 2ξ
2 φ†1φ
†
2φ1φ2
)
.
(1)
These theories remain integrable at any coupling and
show a conformal behavior in the large Nc limit. This
is a remarkable example of a 4-dimensional QFT that is
integrable in the ’t Hooft limit, even in the absence of
supersymmetry and gauge symmetry!
Strictly speaking, the conformality of γ-twisted N =
4 SYM is broken by the double-trace counterterms,
in particular of the type ηijTr
(
φ†jφj
)
Tr
(
φ†jφj
)
and
FIG. 1. The single possible Feynman graph contributing to
the correlator of two the BMN vacuum operators in the model
(1) at a given order (given number M of wrappings): a) On
the “globe” graph, Trφ†L1 (x) and Trφ
L
1 (0) are placed at the
north and south pole, respectively. L solid lines of φ1 particles
can be only crossed at the interaction vertices in one direction
by M dashed lines of φ2 particles. b) The divergence of this
graph is captured by the “wheel” graph, obtained by removing
the vicinity of one of the poles.
η˜ijTr(φ
†
iφ
†
j)Tr(φiφj) with the couplings ηij and η˜ij run-
ning with scale even at the leading large-Nc order [10–
13]). On the string theory side of the duality, this double
trace anomaly was traced down to the tachyonic insta-
bility of the corresponding γ-deformed coset [14]. As it
was recently pointed out in [15], our new theories in-
evitably inherit the breakdown of conformality of the full
gamma-deformed N = 4 SYM. However, one can imme-
diately see, e.g. by drawing the relevant one-loop Feyn-
man diagrams (or simply adopting the results of [13])
that ∂ξ∂ log µ = O
(
N−2
)
and all multi-point correlators
which do not have length-2 operators in the intermedi-
ate states are perfectly conformal in the ’t Hooft limit.
Therefore, the double trace terms in the Lagrangian are
irrelevant for our current work and we suppress them.
Apart from the possibility of exact non-perturbative
computations, the integrability of this scalar QFT
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2can serve for evaluating interesting individual Feynman
graphs, unavailable for other methods. The anomalous
dimension γvac(L, z) of the BMN vacuum operator Trφ
L
1
can be in principle computed exactly and the dimension
in each “wrapping” order is dominated by the period (co-
efficient of the leading logarithm) of a single 4D Feynman
graph of a “globe” shape [16], see Fig.1. Hence it can be
computed from the corresponding (yet to be found) DS
limit of twisted QSC equations [7] for any number of
wrappings M (dashed φ2 lines on the Fig.1). For M = 1,
the result was known from a direct graph computation
[17, 18] and for M = 2, from AdS/CFT Y-system/TBA
computations [19] in terms of infinite sums and integrals.
We will present here the latter result for M = 2 and any
L in an explicit form containing only multiple zeta values
(MZV) of limited depth. This result allows us to extract
the periods of double-wheel graphs at an arbitrary loop
order.
At finite Nc, the theory (1) (as well as the more general
(3)) is not conformal anymore. The 1/N2c corrections to
the dimension of the operator TrφL1 will be dominated
by graphs depicted in Fig.2. Notice that at each loop
level we have to sum over distributions of L = Lr + Ll
lines between right and left sides of the torus and the
appearance of the singular cases Lr = 2 or Ll = 2, which
break conformality, is unavoidable. Hence the addition
of the aforementioned counterterms is also imposed to
cancel the UV divergences.
CHIRAL BOSON QFT FROM STRONGLY
γ-DEFORMED N=4 SYM
The lagrangian of γ-deformed N = 4 SYM reads (see
e.g.[12])
L = NcTr
[
−1
4
FµνF
µν−1
2
Dµφ†iDµφ
i+iψ¯α˙AD
α
α˙ψ
A
α
]
+Lint
(2)
where i = 1, 2, 3 A = 1, 2, 3, 4, Dαα˙ = Dµ(σ˜
µ)αα˙ with
(σ˜µ)αα˙ = (−iσ2, iσ3, I,−iσ1)αα˙ and
Lint = Ncg Tr
[g
4
{φ†i , φi}{φ†j , φj} − g e−i
ijkγkφ†iφ
†
jφ
iφj
− e− i2γ−j ψ¯jφjψ¯4 + e+
i
2γ
−
j ψ¯4φ
jψ¯j + iijke
i
2 jkmγ
+
mψkφiψj
− e+ i2γ−j ψ4φ†jψj + e−
i
2γ
−
j ψjφ
†
jψ4 + i
ijke
i
2 jkmγ
+
m ψ¯kφ
†
i ψ¯
]
.
where the summation is assumed w.r.t. doubly and triply
repeating indices. We suppress the Lorentz indices of
fermions, assuming the contractions ψαi ψj,α and ψ¯i,α˙ψ¯
α˙
j .
We also use the notations
γ±1 = −
γ3 ± γ2
2
, γ±2 = −
γ1 ± γ3
2
, γ±3 = −
γ2 ± γ1
2
.
The parameters of the γ-deformation qj = e
− i2γj j =
1, 2, 3 are related related to the 3 Cartan subgroups of
SU(4) ∼= SO(6).
FIG. 2. A graph of torus topology contributing to the two-
point function of two BMN vacuum operators
We propose the following double scaling limit of the
γ-deformed Lagrangian (2):
q3 ∼ q2 ∼ q1 →∞, g → 0,
ξ1 := q1g, ξ2 := q2g, ξ3 := q3g fixed,
where the large qi limit corresponds to sending γi →
i∞. Notice that, as a consequence of imaginary γj , the
action is not real anymore, and hence the unitarity of the
theory is violated [20]. But the resulting QFT looks still
very interesting, especially due to its integrability in the
’t Hooft limit. It is easy to see that in this DS limit of
Lint only some Yukawa and 4-scalar interactions survive
and we arrive at the following integrable QFT of complex
scalars and fermions (but no gauge fields):
Lφψ = NcTr
[−1
2
∂µφ†i∂µφ
i + iψ¯α˙A(σ˜
µ)αα˙∂µψ
A
α
]
+ Lint
(3)
where
Lint = Nc Tr
[
ξ21 φ
†
2φ
†
3φ2φ3 + ξ
2
2 φ
†
3φ
†
1φ3φ1 + ξ
2
3 φ
†
1φ
†
2φ1φ2
+i
√
ξ2ξ3(ψ
3φ1ψ2 + ψ¯3φ
†
1ψ¯2)
+i
√
ξ1ξ3(ψ
1φ2ψ3 + ψ¯1φ
†
2ψ¯3)
+i
√
ξ1ξ2(ψ
2φ3ψ1 + ψ¯2φ
†
3ψ¯1)
]
.
In particular, we can send here ξ1 → 0, ξ2 → 0. Then
the fermions and one of the scalars decouple and we get
a simpler bi-scalar action (1) where we denoted ξ ≡ ξ3 =
q3g. We will provide some signs and consequences of its
integrability in the following sections.
DIMENSION OF THE BMN VACUUM AND
“WHEEL” GRAPHS
Figure 1 demonstrates our statement in the intro-
duction: in our theory (1) at Nc = ∞ the correlator〈
Trφ†L1 (x)Trφ
L
1 (0)
〉
is dominated by globe-like graphs.
The point-splitting procedure gives anomalous dimension
of this operator at a given wrapping order M in terms of
the periods of wheel graphs with L spokes and M frames.
It was argued in [21] that for L = 3 and for any M , all
3such periods can be expressed in terms of multiple zeta
values. However for L ≥ 3 and M ≥ 2, such a property is
not immediately obvious in existing approaches to loop
integrals [22]. On the other hand, these dimensions can
in principle be computed using exact integrability tools
of N = 4 SYM applied to this model, such as the twisted
QSC of [7].
The anomalous dimension for this BMN vacuum op-
erator, for arbitrary γ-twist, up to two wrappings was
obtained in [19] using the early Y-system/TBA version
of spectral equations [23–26] (see also the QSC compu-
tation at one wrapping [7]). This state is characterized
only by two twist parameters q3, q2 which are denoted in
[19] as q = (q3q2)
L/2 and q˙ = (q3/q2)
L/2, so that in the
DS limit q  q˙  1 and z2 = ξ2L = g2Lqq˙ is fixed. In
our DS limit, the result of [19] (see eqs. (5.5-7) there)
reduces to
γvac(L) = γ
(1)
vac(L) z
2 + γ(2)vac(L) z
4 +O(z6), (4)
where γ
(1)
vac(L) = −2
(
2L−2
L−1
)
ζ2L−3 and γ
(2)
vac(L) was com-
puted in [19] in terms of double integrals and infinite
double sums over digamma functions. We have computed
γ
(2)
vac(L) explicitly for any L ≥ 3, and present our result
in the appendix [27].
Here we discuss some consequences of this result and
find evidence for that it really computes the wheel graphs
corresponding to our bi-scalar action. Firstly, the O(z2)
term, corresponding to a single wrapping, has been com-
puted from standard Feynman diagram technique in [18]
for arbitrary twists. In our DS limit, this coefficient re-
ceives leading-order contributions only from the bosons,
cf. equation (3.4) of [18], and is given by the periods of
wheel integrals which were computed in [17].
This argument for the existence of a single graph holds
also at higher wrappings and for two wrappings, i.e.
O(z4), the anomalous dimension is given in terms of the
periods of double-wheel graphs:
γ(2)vac(L) = 2
1−4L P
( )
. (5)
In support of (5), for L = 3 we have from [23] or from
our general formula (A.1)
γ(2)vac(3) = 2
−11
(
189
2
ζ7 − 72ζ23
)
.
This value is reproduced by the period of “double-wheel”
graph computed explicitly in [28] (see eq. (5.12) there).
Setting L = 4 in our general formula (A.1) and using
various identities between the MZVs of weight 11 we find
for example the following new result:
γ(2)vac(4) = 2
−11 [309
4
ζ11 + 4ζ3,8 + 5ζ5,6 − ζ6,5
+ 10ζ8,3 − 2ζ3,3,5 + 10(ζ3,5,3 + ζ5,3,3)− 50 ζ25
]
. (6)
INTEGRABILITY AND QSC
Leaving the derivation of the DS limit for these models
from the general twisted QSC (TQSC) equations of [7]
for future works in progress, we discuss here the underly-
ing spin chain picture. Taking as example the operators
of Figure 1, we notice that the computation of dominant
wheel-type graphs can be viewed as a certain hamiltonian
evolution in the radial direction: It implies the introduc-
tion of a transfer matrix of an equivalent quantum spin
chain adding one more dashed line on Fig.1. This trans-
fer matrix has the form [29]:
Tˆ = ξ2L
L∏
l=1
1
(xl+1 − xl)2
L∏
l=1
∆−1xl , (xL+1 ≡ x1) , (7)
where x1, . . . , xL represent the 4D coordinates of interac-
tion vertices along the dashed line, and ∆xl are the cor-
responding 4D Laplacians. The first factor corresponds
to adding a scalar propagator in the angular direction on
the graph, and ∆−1xl – adding a propagator in the radial
direction. This spin chain with conformal SL(2, 2) sym-
metry is shown to be integrable in [30], due to the star-
triangle relations for “fishnet” graphs. This provides us
with the proof, from first principals, of all-loop integra-
bility of (γ-deformed) N = 4 SYM, at least in our rather
non-trivial DS limit, without appeal to the still mysteri-
ous AdS/CFT duality. It also should be the best starting
point for assembling more complicated physical quanti-
ties, such as correlators and 1/N2c corrections. One can
easily notice that the regular square lattice of Feynman
integrals (so called “fishnet” graph) is the most essential
“bulk” part of any Feynman diagram for any physical
quantity at sufficiently large loop order. It is also inter-
esting to note that several physical quantities have only
a single graph contribution at any nonvanishing order of
perturbation theory, apart from some degenerate exam-
ples. This was already observed in the zero-dimensional
analogue of this bi-scalar model proposed in [31].
DISCUSSION
Our work shows that integrability in 4D in ’t Hooft
limit can exist not only in the absence of supersymmetry
but even without gauge symmetry. In this discussion we
comment on open problems and some properties of our
new models yet to be precised. An integrable model of
interacting fermions and complex scalar fields, similar to
(3) but with sextic scalar interactions, exists also in 3D
and can be obtained by a similar large twist/small cou-
pling DS limit from the γ-deformed ABJM model [32].
All these models are chiral and have complex actions
and are therefore non-unitary. Nevertheless, they may
be rather interesting for various particle physics and sta-
tistical mechanics applications. They could be consid-
4ered as a non-trivial zero-order approximation to more
familiar theories. For example, as was discussed above,
these theories have a non-zero beta function and gener-
ate a mass scale already at the leading large Nc order, a
phenomenon worth studying by the use of integrability.
Since, these theories nevertheless show conformal behav-
ior for a multitude of the correlators in the ’t Hooft limit,
they can be used to verify numerous existing hypothesis
concerning CFTs at dimensions D > 2.
It is worth noticing that these QFTs obey a kind of
chirality property on their planar Feynman graphs, sug-
gesting a “string worldsheet” picture: if we associate the
“worldsheet time” τ to solid lines on Figures 1 and 2, then
the dashed lines, associated with space direction σ have
a particular orientation in, say, clockwise direction, i.e. a
particular “worldsheet” chirality. In the opposite double-
scaling limit of small twists we would reproduce a similar
QFT with the opposite chirality on planar graphs. Note
that the transfer matrix (7) corresponds to the choice
of radial “worldsheet time” on this planar graph. How-
ever, the string dual of these theories is not evident: the
original AdS/CFT interpretation is not directly applica-
ble due to the weak coupling limit of the twisted N = 4
SYM, with the AdS radius collapsing to zero.
For more complicated physical quantities, such as the
correlators of other operators mixing both scalar fields,
three point functions (structure constants), etc., the
dominating Feynman graphs will be more complicated.
However their classification, due to chirality, is signifi-
cantly simpler than in the general N = 4 SYM case [32].
Remarkably, many multi-point correlators are given by
a single diagram at each order of perturbation theory
for a given configuration of operators. This should ease
the computation of these quantities directly by using the
integrable transfer matrix (7) as the principal building
block.
Furthermore, integrability can help to compute ex-
actly some classes of complicated individual Feynman
graphs at any loop order, which is so far unavailable
from the other methods. We demonstrated this here on
the example of BMN vacuum and the computation of
wheel graphs. In a forthcoming work [32] we analyse a
slightly larger class of multi-magnon operators of the type
tr(φj1φj2 . . . φjL), with jk = 1, 2. The corelators of these
are given by graphs in which the parallels in Figure 1
are replaced by non-intersecting spirals that connect the
two poles. For multi-point correlators, the classification
of Feynman graphs needs additional efforts.
Finally, we should stress that our observation of the ex-
plicit integrability of correlators and Feynman integrals
does not mean that the answers are immediately avail-
able for any interesting quantity. As the case of wheel
graphs shows, a considerable effort is required to obtain
for the simplest, although remarkable, results. The (yet
to be established) explicit double-scaling form of the QSC
equations should allow for more efficient analytic and nu-
merical studies of these curious theories, both perturba-
tively and non-perturbatively.
Appendix: Explicit formula for the double-wheel
graphs
In this appendix we provide our result for the double-
wrapping contribution to γvac in (4) which are given by
the periods of double-wheel graphs.
γ(2)(L) =
23
Γ2(L)
{
−
L−1∑
j1=0
(2L− 2)!
L− j1
(
L+ j1 − 1
j1
)
ζ2L−3ζL+j1−2,
L−j1
+
Γ2(L)
8
(
4L− 2
2L− 1
)
ζ4L−5
+
∑
j1,j2>0
j1+j2<2L−3
Γ(2L− j1 − j2 − 1)Γ(L+ j1)Γ(L+ j2)
Γ(j1 + 1)Γ(j2 + 1)Γ(L− j1)Γ(L− j2)
[
L+j1−2∑
k=1
((
L+ k + j2 − 4
k − 1
)
(2ζL+j1−k−1,
L+j2+k−3,
2L−j1−j2−1
+ ζL+j1−k−1,
3L−j1+k−4
)
−
(
L+ k + j2 − 2
k
)
(2ζL+j1−k−1,
L+j2+k−2,
2L−j1−j2−2
− 2ζL+j1−k−1,
L+j2+k−1,
2L−j1−j2−3
)
)
+ 2ζ2L+j1+j2−3,
2L−j1−j2−2
+ 2ζ2L+j2−1,
L+j1−1,
2L−j1−j2−3
ζL+j1−2,
3L−j1−3
− ζ2L+j1+j2−2,
2L−j1−j2−3
]
+
Γ2(2L− 1)
2Γ2(L)
[
2L−4∑
k=1
((
2L+ k − 4
k
)(
3ζ2L−k−3,
2L+k−2
+ 2ζ2L−k−3,
2L+k−4,
2
)− 2((2L+ k − 4
k − 1
)
+
(
2L+ k − 4
k + 1
))
ζ2L−k−3,
2L+k−3,
1
)
+ 2ζ2L−3,
2L−4,
2
− 4(L− 3)ζ2L−3,
2L−3,
1
+ ζ2L−4,
2L−1
− 4ζ2L−2,
2L−3
+ 4ζ4L−6,
1
+ 2ζ3L−4,
2L−2,
1
+
2L+ 1
L
ζ2L−3ζ2L−2 − 5ζ4L−5 − ζ22L−3
]}
,
(A.1)
where j1 j2 in the double sum are non-negative and take
values such that j1 + j2 < 2L − 3. Furthermore, we
have used, for visual convenience, the following (rather
5unconventional) notation for the MZVs:
ζw1,
... ,
wr
:=
∞∑
1<n1<···<nr
r∏
i=1
1
nwii
. (A.2)
Although our result for γ(2)(L) is sizeable, it has some
noteworthy features. Its transcendentality weight is al-
most uniform and equal to 4L− 5 with the exception of
a weight-(4L− 6) piece, which amounts to
γ(2)(L)
∣∣
weight−(4L−6) = −22−4L
Γ2(2L− 1)
Γ4(L)
ζ22L−3 .
Moreover it is given in terms of MZVs of depth up to
three, irrespective of the weight. We provide an expres-
sion for γ(2)(L) in a Mathematica-compatible fortmat in
the attached file gamma2L.m .
Note added: On the day of the submission of the sec-
ond version of our paper, the letter arXiv:1602.05817 on
the non-conformality of our model has appeared. We
find no contradiction with our arguments and precise our
point of view in the updated version.
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